arXiv:1508.03932v2 [math.CV] 15 Sep 2016 


GEOMETRIC CONDITIONS FOR MULTIPLE 
SAMPLING AND INTERPOLATION IN THE FOCK 

SPACE 

A. BORICHEV, A. HARTMANN, K. KELLAY, X. MASSANEDA 


Abstract. We study multiple sampling, interpolation and uni¬ 
queness for the classical Fock spaces in the case of unbounded 
multiplicities. We show that, both in the hilbertian and the uni¬ 
form norm case, there are no sequences which are simultaneously 
sampling and interpolating when the multiplicities tend to inhnity. 
This answers partially a question posed by Brekke and Seip. 


1. Introduction and main results 

Sampling and interpolating sequences in Fock spaces were charac¬ 
terized by Seip and Seip-Wallsten in dQi ng by means of a certain 
Beurling-type asymptotic uniform density. A consequence of these 
results is that no sequence can be simultaneously interpolating and 
sampling, hence there are no unconditional or Riesz bases of reproduc¬ 
ing kernels neither. We refer the reader to the monograph HBbyK. 
Seip for an account on these problems. For a similar result in several 
variables see [5]. 

We would like to consider sampling and interpolation problems in¬ 
volving a hnite, not necessarily bounded, number of derivatives at each 
point (Hermite type interpolation). The idea of derivative sampling 
and interpolation is well-known from the theory of band-limited func¬ 
tions. 

Band-limited functions appear naturally in the framework of model 
spaces and their parent Hardy spaces (we refer to [9] for model spaces 
and their importance in operator theory). Generalized interpolation, a 
particular instance of which is derivative interpolation, in Hardy spaces 
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was thoroughly studied by Vasyunin HI and Nikolski [H] in the late 
1970-s and is characterized in terms of a generalized Carleson condition 
(see [HI Sections C3.2, C.3.3] for a comprehensive account). 

For the case of sequences with uniformly bounded multiplicity in the 
classical Fock space a complete description of such derivative sampling 
and interpolating sequences space was given by Brekke and Seip [1]. 
Again, it turns out that there are no sequences which are simultane¬ 
ously sampling and interpolating in this sense. 

The natural question which then arises, and was already posed by 
Brekke and Seip, concerns the case when the multiplicities are un¬ 
bounded. We give conditions on sampling and interpolation in that 
case. The conditions we obtain are of a somewhat different nature, but 
still imply that there are no sequences which are both interpolating 
and sampling, at least when the multiplicities tend to inhnity. 

We should emphasize that our results make sense when the mul¬ 
tiplicities are large. For small multiplicities they essentially give no 
information. 

The results of the following subsection concerning the Hilbert space 
case were earlier announced in the research note [3]. With respect to 
that research note, observe that the sufficient condition appearing in 
Theorem ll.lf bl has now a weaker and more natural formulation. We 
will also discuss the situation in the uniform norm in Subsection 11.21 

1.1. The Hilbert space case. For a > 0, define the Fock space 
by 

Ti = {fe Hol(C) : 11/115 = II/IIL := - / |/(z)|< «d}. 

^ Jc 

The constant a/ir is chosen in such a way that ||l||a ,2 = 1, dm is 
Lebesgue area measure. 

The Fock space is a Hilbert space with inner product 

{f,9) = - [ f{z)g{z)e-^\^\^dm{z). 

^ Jc 

The orthonormalization of the monomials gives the basis 



The reproducing kernel is = X] 6fc(C)cfc(^) = hence 

k>0 


{f,h) = fiz), zee. 
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It’s easy to check that the translations 

T/(C) = r“/(C) := e“<-tWV(C -z), / e 

act isonietrically in 

Let = ^ 2 / 11^^112 be the normalized reproducing kernel at z. Note 
that T 2 I = k^. 

A sequence A C C is called sampling for if 

AeA ' AeA 

and interpolating if for every v = (nA)AeA G there exists f E 
such that 

e-fl"lV(A) = (/,TAl)=nA, AeA. 

For numerous results on the Fock space and operators acting thereon 
see the recent book by Zhu [T5] . 


Let us now dehne sampling and interpolation for the case of higher 
multiplicity. 

We deal with divisors X given as X = {(A,mA)}AeA, where A is a 
sequence of points in C and m\ e Id is the multiplicity associated with 
A. We associate with each {X,mx) the subspace 

- {/ e m = /'(A) = ■ ■ ■ = /""^-'’(A) = 0 }. 


Definition. The divisor X is called sampling for if 


m.x-1 


E wjfnmi = E E wmexW, / € T-y 


AeA 


AeA fc=o 

72 


and it is called interpolating for if for every sequence 

^ (^A jAeA, 0<fc<m> 

such that 


Vo : = 


mx-l 

< - 

AeA k=0 
72 


there exists a function / G such that 

{/,TAefc)=nf\ 0 < fc < mA, AeA. 


(1) 


Equivalently, X is interpolating if for every sequence {fx)\£A C 
satisfying 
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there exists a function f E such that 

f-he Nl A e A. 

This is exactly the way generalized interpolation is dehned in Hardy 
spaces (see P, Section C3.2] for dehnitions and results). 

An application of the open mapping theorem to the restriction op¬ 
erator 

shows that the function f E such that ([T]) holds can always be 
chosen in such a way that ||/||2 < C||n|| 2 , for some C > 0 depending 
only on X. The minimal such C is called the interpolation constant of 
X, and it will be denoted by Mx- 

Separation between points in A plays an important role in our results. 
Denote by D{z,r) the disc of radius r centered at z, D{r) = iA(0,r). 

Definition. A divisor X is said to satisfy the finite overlap condition 
= sup /^)(^) < oo. (2) 

AeA 

If A is a hnite union of subsets Aj such that for every j, the discs 
D{X, ^ymx/a), A E Aj, are disjoint, then X satisfies the finite overlap 
condition. It is not clear whether the opposite is true. 

The following two results give conditions for sampling and interpola¬ 
tion in the case of unbounded multiplicities. They are less precise than 
the results for the bounded case, in that they do not give characteri¬ 
zations. Still, the gap is sufficiently small to show that no divisor can 
be simultaneously sampling and interpolating when the multiplicities 
tend to inhnity. 

Theorem 1.1. (a) If X is a sampling divisor for IF‘f, then X sat¬ 

isfies the finite overlap condition and there exists C > 0 such 
that 

IJ D(A, = C. 

AeA 

(b) Conversely, let the divisor X satisfy the finite overlap condition. 
There exists C = C{Sx) > 0 such that if for some compact 
subset K of C we have 

IJ D{X,x/^-C) = C\K, 

AgA, 

then X is a sampling divisor for IF 
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A separation condition stronger than that in Theoreni ll. 11 (b) permits 
us to choose a subdivisor with the multiplicities tending to inhnity: 

Proposition 1.2. Let the divisor X be such that for every C > 0 there 
exists a compact subset K of C satisfying 

IJ D{\^f^-C) = €\K. 

AsA, m\>aC^ 

Then we can find a subset A' of A such that for every C > 0 there is a 
compact subset K of C satisfying 

IJ D{X,^/^-C)=C\K, 

AgA^, mx>OiC^ 

and 

lim m\ = +CX0. 

AgA^, |A|—^cxD 

Theorem 1.3. (a) If X is an interpolating divisor for IF‘^, then 

there exists C = C{Mx) > 0 such that the discs 
{Z1(A, — C')}AgA,mA>aC 2 are pairwise disjoint. 

(b) Conversely, if for some G > 0 the discs {-D(A, ^Jm\/a+C)}\^x 
are pairwise disjoint, then X is an interpolating divisor for IF\. 

Remark. It is easily seen that if X is a divisor such that for some 
C > 0 the discs {D{X, — C)}x^A^rnx>aC^ pairwise disjoint, 

and if lim = +oo, then X satisfies the finite overlap condition. 

|A|^oo 

Corollary 1.4. Let the divisor X satisfy the condition limpi^ooLUA = 
+ 00 . Then X cannot be simultaneously interpolating and sampling for 

a • 

Thus, denoting by K\ the orthogonal complement of in 7^, we 
conclude that the Fock space 7^ has no unconditional (Riesz) bases of 
subspaces K\, if lim|A|^.oo ilia = +cxo. 

1.2. The 7^ Fock space. Let 

J-r = {/ e Hol(C) : Il/Il„ = Il/Il„,» := sup \f{z)\e-i»‘ < co}. 

zGC 

In order to consider the corresponding L°° sampling and interpola¬ 
tion problems, we associate to every A G C the subspace 

Nr = AfsAu = {f<=- rr ■ m = rw = ■ ■ ■ = /'-'-''(a) = o}. 

A divisor X is called sampling for 7ff, if there exists L > 0 such 
that 

||/IU,oo < Lsup||/||^^/iv-. 

AeA 
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In a similar way we define the generalized interpolation. The divisor 
X is called interpolating for if for every sequence (/a)a with 

sup II/aIU-za- < oo, 

AeA 

there exists a function / G such that 

f-hexr, AeA. 

As usual, the norm of the interpolating function / is controlled by 
the £°°-norm of the sequence (||/a|| j-^/Ar|o)AeA- The minimal constant 
C such that we can always hnd an interpolating / with ||/|1 q,oo < 
C SUP;,gA||/A is called the interpolation constant of X, and 

will be denoted by Mx- 

Theorem 1.5. (a) If X is a sampling divisor for then there 

exists C > 0 such that 

1Jd(a,vW^ + c') = c. 

AeA 

(b) Conversely, if for some C > 0 and a compact set K we have 

AgA, mx>aC^ 

then X is a sampling divisor for . 

This result is slightly stronger than Theorem 11.11 in that for the 
p = oo case any C* > 0 is sufficient for sampling while for p = 2 we 
need C > C{Sx). 

Theorem 1.6. (a) If X is an interpolating divisor for Xff, then 

there exists C = C{Mx) > 0 such that the discs 
{I1(A, ^/rnfja — C)}AeA,mA>aC 2 are pairwise disjoint. 

(b) Conversely, there exists Cq > 0 such that if the discs 

{I1(A, ^mx/a + Co)}a 6A are pairwise disjoint, then X is an 
interpolating divisor for X^. 

This result is slightly weaker than Theorem 11.41 in that for the p = 2 
case any C* > 0 is sufficient for interpolation while for p = oo we need 
C > Co for some absolute constant Cq. 

Corollary 1.7. Let the divisor X satisfy the condition hm|A|^ooHrA = 
+ 00 . Then X cannot be simultaneously interpolating and sampling for 

a ’ 
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The proof of this Corollary is completely analogous to that of Corol¬ 
lary [T31 

The problems of sampling and interpolation are linked to that of 
uniqueness, and thus to zero divisors. We say that X is a zero divisor for 
if ^ {0}- knowledge, there is no characterization 

of the zero divisors of the Fock space. Some conditions are discussed 

in [71 [l5]. 

We will establish here a necessary condition for zero divisors which 
seems sharper than those known so far. 

Theorem 1.8. Let X be a divisor. If there exists a compact subset K 
of C such that 

\jDiX,./^^) = C\K, (3) 

AeA 

then X is not a zero divisor for . 

1.3. The Xf Fock spaces. By analogy to the Fock space X^, we can 
consider the Fock spaces Xf, consisting of entire functions / such that 
/(z) exp(—a|zp/2) belongs to L^(C), 1 < p < oo, and the correspond¬ 
ing sampling and interpolation problems. At the end of the paper we 
discuss how our results extend to 2 < p < oo for which we obtain 
conditions on sampling (Theorem 18.11) similar to Theorem 11.11 and on 
interpolation (Theorem [82]) similar to Theorem 11.61 As a consequence, 
for 2 < p < oo we can obtain an analogue of Corollary 11.71 

It is of interest whether similar results are valid for 1 < p < 2. 

The plan of the paper is the following. In the next section we estab¬ 
lish two geometrical results including Proposition 11.21 and the proof of 
Corollary 11.41 In Section [3] we prove the uniqueness Theorem 11.81 In 
Section 0] we collect some results on local estimates and the hnite 
overlap condition. Sections [5] and [6] are devoted to the proofs of The¬ 
orems 11.11 and 11.31 respectively. Theorems 11.51 and 11.61 are proved in 
Section [71 Section [8] is devoted to the discussion of the case 2 < p < oo. 

Let us comment on the techniques used in this paper. One central 
result is that if a function of norm one on a disc has a small quotient 
norm with respect to functions vanishing up to a given order (adapted 
to the radius) at the center of the disc, then it will be small in a disc 
with a slightly smaller radius. In order to obtain such kind of results, 
we use the maximum principle and some estimates of the incomplete 
gamma function. This will indeed be the key for the necessity part of 
the interpolation result and the sufficiency part of the sampling result. 
Another key ingredient for sampling is a uniqueness result based on the 
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uniform redistribution of the point mass A (log |/|) over discs centered 
at the zeros of / with radius adapted to the multiplicity, and measuring 
the radial growth of the total redistributed mass. The sufficiency of the 
interpolation part for p = 2 is based on 5-techniques by Hormander 
requiring some subtle choices of the weight functions in order to £t to 
arbitrarily big multiplicities. The case p = oo adapts a clever trick by 
Berndtsson allowing to get uniform estimates for the solutions which 
are optimal in the (weighted) norm. 

Throughout the remaining part of the paper, we suppose that a = 1. 
The general case is dealt with in the same way. We dehne the measure 

dfi{z) = (l/ 7 r)e“'^' dm{z). 

Denote = J-\. Furthermore, we use the following 

notations: 

• A < B means that there is an absolute constant C such that 
A < CB. 

• A X i? if both A < B and B < A. 

Acknowledgments. We are thankful to Philippe Charpentier, Daniel 
Pascuas and Stephane Rigat for helpful discussions. We are grateful 
to the referee for interesting comments. The last section of our paper 
answers one of his questions. 

2. Two GEOMETRICAL RESULTS 

2.1. An elementary result. We start with a simple geometric lemma 
that will allow us to deduce Corollary 11.41 from Theorems 11.31 and 11.11 
and also play a role in the proof of Theorem 11.81 in the next section. 

Lemma 2.1. Suppose that three dises Di = D{Zi,ri), D 2 = D{Z 2 ,r 2 ), 
D 3 = D{Z^,r^) satisfy the property Di n D 2 H 7 ^ 0 . Then there 
exist l<i,j < 3, i^j such that 

(a) ri + rj - \Zi- Zj\ > c • min(ri, rj), 

(b) m{Di n Dj) > c ■ min(rj, 

for some absolute constant c> 0, with m{A) being the area of A. 

Proof. The proof is based on elementary geometry. Take Z & Di D 
D 2 n D 3 . We can assume that each pair of discs intersects at exactly 
two^ different points. One of the angles between the vectors ZZi, ZZ 2 ., 
ZZ'i is at most 27r/3. Without loss of generality we can assume that 
ZZ\ZZ 2 < 27r/3. Denote by IFi, W 2 two points of intersection of dD\ 
and 5 D 2 . Either ZW\Z}W 2 or ZW\Z 2 W 2 is at least 7r/3. Without loss 
of generality we can assume that ZW\ZTfW 2 > 7 r/ 3 . 
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Now, either Z\ G or \Wi — W 2 \ > ri. In both situations, (a) and 
(b) follow immediately. ■ 

We are now ready to prove Corollary [L4J For this, suppose that there 
is a divisor df = {(A, mx)}xeA which is simultaneously interpolating and 
sampling and such that hm|A|^ooLnA = oo. By Theorem 11.31 there is a 
constant Ci such that the discs T*(A, — Ci) are pairwise disjoint 

so that for every A, A' G A, A 7 ^ A', we have 

\AfiA + \Arv - |A - A'l < 2(^1. (4) 

Next, by Theorem ll.il the discs /1(A, \/m\ + Ci) cover the whole plane, 
so by Lemma [2T] (a), we can find pairs (A, A'), A, A' G A, A 7 ^ A' such 
that 

2Ci+ y/mx' -1A - A' I > cmm{x/^, y/mx'), mx 00 , my -t 00 , 
which contradicts (j4]). ■ 

2.2. Proof of Proposition II.2L Choose an increasing sequence of 
positive numbers {Rn)n>i, such that 

C\D{Rn)c IJ D{X,x/m^-n). (Un) 

mx>n^ 

Iteratively, on the step s > 1, we remove from A the subsets 
As = {A G A : |A| > + s, (s — 1)^ < mx < s^}. 


Then 


lim mx = +CXO, 

AgA^, |A|—^00 

where A' = A \ Us>iAs. It remains only to verify that the conditions 
(Un) are still valid after each step s. Clearly, (Un), n > s, do not 
change. Now, for 1 < n < s we have 


C\D(^Rn) C ^ Z1(A, y/mjx n-) )KU D{X,y/m^-n)y (5) 

m;^>n^,A^As AgAs 


Observe that if A G A^, then mx < and for every z G T)(A, x/mR) we 
have \z\ > |A| — y/mx > Rg + s — s = Rg. Hence, 


IJ D{X, x/ml - n) C C \ D{Rg). 

AgAs 


(6) 
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By {Us), we have 

C\D{Rs)(Z IJ D{X,y/m^-s) 

C IJ D{\, - n) C. J D{\, - n). (7) 

Finally, ©-([T]) yield 

C\D{Rn)c J D{X,y/m^-n). ■ 

‘>nx>n^, \^Ab 

3. Zero divisors 

Lemma 3.1. If X = {{Xk,mk)}k>i is a zero divisor for , then 

2/ '^XD{\k,^){z)^og—dm{z)<7rR‘^ + 0{l), R ^ oo. 

Jd{r) 1^1 

Proof. Assume that / G IF°° vanishes at Xk of order ruk, k >1. Then 
log I/I is a subharmonic function, not identically —oo and bounded 
above by 

s(2) :=log||/||oo + ^kP • 

In an inductive argument, we will construct a new subharmonic func¬ 
tion h such that log |/| < h < s by redistributing the mass of A (log |/|) 
of each D{Xk, y/mk) uniformly on this disc. 

Set ho := log |/|. Then 



where uo is subharmonic on C and harmonic in some small neighbour¬ 
hood of Ai (since the zeros of the entire function / are isolated). Define 


\z — Alp — mi 

if z G D(Ai, yfmf ) 

2 

milog[^ — h 
V y / m \ / 

otherwise. 


Then Vi G C^(C), it is harmonic outside D(Ai, y/mf) and it has constant 
Laplacian 2 in iA(Ai, y/mi). Hence the total mass of the measure Aui 
on C is equal to 2m{D{Xi, y/mi)) = 27rmi, which corresponds to the 
total mass of the measure A(mi(log \ z — X//y/mf)) = 
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Now set hi = vi+ Mo, and restart the procedure for A 2 , i.e. write 


/ Ls — A 2 \ 

hi = m 2 log —+ Ml. 

V yTn2 / 

We construct M 2 as above and obtain ^2 = M 2 + mi. 

Iterating this procedure we obtain a sequence of subharmonic func¬ 
tions {hn)n- We claim that, for every 2 ; G C, {hn{z))n is increasing 
and 


log |/(^)| < hniz) < S{z). 


As above we will give the argument just for the hrst step. The rest will 
follow by induction. 

Let us begin by showing that hi{z) < s{z) for every z E C. This is 
clear when z ^ D{Xi, y/mi), since for these z we have not changed the 
function (ho = hi outside D{Xi, y/rrii)). This estimate holds also on 
dD{Xl,y/Wl). 

Consider the function wi := Mi -|- Mq — s. Then A(mi -|- Mq — |^P/2) = 
Amo > 0 on T*(Ai, yhn7), since Mq is subharmonic. Hence Wi is subhar¬ 
monic and it is non-positive on the boundary of T*(Ai, y/mi). There¬ 
fore, it is non-positive throughout this disc, yielding hi = vi + uo < s 
also in T*(Ai, y/m^). 

The fact that ho < hi is almost obvious. Again, there is nothing to 
prove for z outside T*(Ai, y/mi). Inside the disc it remains to estimate 
mi log(|z — Xi\/y/mi) from above by (jz — Aip — mi)/2, which is clear, 
since r —)■ mi log(r/yThi) is concave, r ^ [r^ — mi)/2 is convex, and 
these functions touch smoothly at r = mi. 

The pointwise limit h of the sequence {hn)n is still subharmonic 
(because the sequence is locally eventually stable) and by construction 
it is comprised between log |/| and 5 ( 2 ;). We also know that it is not 
identically equal to — cxo, since log |/| is not. 

Since h{z) < s{z), by Green’s formula. 



On the other hand. 



and the proof is complete. 
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3.1. Proof of Theorem II.8L Let X = {(A,mA)}AeA be a zero divisor 
for satisfying ([3]). Denote E = {z e C : ^xeAXD{x,^){z) > 1}. 
Choose i? > 0 such that K C D{R). Then, by Lemma ITTI there exists 
A > 0 such that 


ttR^ 


A > 


R 


/ '^XD(\,^Ms:){z)\og—dm{z) 

iDiR) 1^1 


Id{r) 


log -—dm{z) 


/ XD(\,^mx 

>DiR)nE 




log —-dm{z) + 


[ \ Y] XDix,^) (z) - ll log ^dm(z) 

Jd{R)\E J D| 


> 


Id{r) 


log ■P-dm{z) 


R 


R 


> 




' D{R)r\E 

R 


log Yidm^z) — / log -j— 


IK 


/ log— m(iC) logi? — Cl, (8) 

'D{R)nE dI 


where ci depends only on the compact set K. 

By Lemma [2.11 (b), the area of E is inhnite. Choose i?o such that 
m{E n D{Rq)) > m{K) + 1. For R> Rq we have 


'D{R)r\E 


R , , \ 

log —dm[z) > 


f log ■^dm{z) 

'D(Ro)nE DI 

R 


> {m{K) + 1) log — > {m{K) + 1) log R - C 2 , 
Rq 


with C 2 depending only on Rq. By 
proof is completed. 


we get a contradiction, and the 


4. Local estimates and the finite overlap condition 
Given a; > 0 and k G we dehne 

= y^e-^dy, 

Uk{x) = e-^Y^- 

s=0 

Then hma;^+oo (Tfc(x) = hmfc^.oon;fc(a;) = 1. Integration by parts gives 

crfc(a;) +ujk{x) = 1. 

The following estimates on partial sums of exponentials (or the in¬ 
complete Gamma function) will be useful in what follows. 
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Lemma 4.1. (a) Given t > 0, there exist £ > 0 and fco > 0 such 

that for every k > ko 

(Jk{k — tVk) > e. 

(b) Given t >0, there exists e > 0 such that for every k > 0 

Uk{k + tVk) > e. 

(c) Given e > 0, there exist t > 0 such that for every k >f^ 

ak{m — t^/m) < eak{m), t^ < m < k. 


Proof. This lemma is essentially contained in [13]; alternatively, one 
can use the Stirling formula to evaluate the sums ujk{x). Yet another 
proof of parts (a) and (b) uses the Poisson law and its approximation 
by the standard normal law via the central limit theorem. 

To prove (c), we will check that for every £ > 0, there exist f > 0 
satisfying 

{y ~ ty/y)^e~^'^~^'^^ < ey^e~'^, t^ < y < k. (9) 

Assuming for the moment ([9]), and integrating from P to x & \f^ik], 
we get 


f*X—ty/x 




du 


= / {y-tVy)’^e-^^-'^Uy 


1 - tl{2y/y) Jt 2 

<e[ y'"e~y dy, 


ifi 


where u = y — t^/y. Since y Pt"^, we have l—t/ (2y^) > and hence, 


fX — ty/x 


u^e “ du < 2e / y^e ^ dy, 




which completes the proof. 
To verify (jH]), we use that 


t^ + k log(^^—= t^ - 

y “ jy^'^ 


, . t kf^ kP P 

= -{k - y)— - — - ^ < — 


yfy 2y 


i>3 


jy- 


1/2 


< loge 


ioT P < y < k and t > y/2 log(l/£). 
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Lemma 4.2. For every A > 0 there exists C{A) > 0, n{A) > 0 such 
that for every f & , n> n{A), X E C, we have 


n—1 


J2\{f,Txet)?<C{A) 


k=0 


D{X,^/n—A) 




Proof. Let g = T^xf. Our statement is equivalent to 


n—1 




2 < 


k=0 


' D{^/n—A) 


\g(z)\^ dii(z), 


( 10 ) 


Let 


9 ^ ^ HfcCfc • 

k>0 


We use that are mutually orthogonal with respect to XD(R)dii and 

[ \ek{z)\^ dfi{z) = ak{R^). (11) 

Jd(r) 


Therefore, ca can be rewritten as 


n—1 


( 12 ) 


k=0 k>0 

By Lemma [4.11 (a), for n > k > ko{A), we have 

o'kiix/n — AY) >(Tk{k — 2A'/k) > e{AY > 0. 

For every k such that 0 < fc < ko{A), n > n{A, k) we have 

(Jk{{xAi- Af) > 

Therefore, for n > maxo<fc<fco(yi)[^2.(A, k)] we obtain 

<Tfc((\/n - > min^^,e(A)^j > 0, A; > 0, 

and flT^ follows. ■ 

Lemma 4.3. Let X = {(A,mA)}AeA- The divisor X satisfies the finite 
overlap condition if and only if there exists C > 0 satisfying 

mx-l 

^ ^ K/,Uei)|=<C||/||=, /£A-1 

AsA k=0 


( 13 ) 
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Proof. Suppose that (fT^ holds. Given z E C, set f = T^l; we have 
I 2 = 1. Next, 

\{f,Txek) \ = |(T^l,TAefc)| = |(eo, TA_^efc)| = |TA_^efc 


\/M 


\X-z\^e 


Denote p\ = |A — z|. Then flT^ implies that 

Pj 
kl 


2k 

i = ii/ii2>E E 

AsA k=0 


-Pi 


E Px 


0<fc<p| 

= XD(A„/mT)(^)<^fp2^(pD, 


AeA 

where [pf\ is the integer part of p\. By Lemma [4.11 (b) with t = 0 we 
conclude that 

AeA 

In the opposite direction, if X satishes the hnite overlap condition, 
we just apply Lemma ■ 

5. Proof of Theorem 11.11 

5.1. Necessary condition. Let X = {(A,mA)}A 6 A be a sampling di¬ 
visor. By Lemma 14.31 it satishes the hnite overlap condition. Suppose 
that for every G > 0 


D(A, a/lua -|- G) 7 ^ C. 


AeA 

Then there exists a sequence {zn)n C C such that 

Pn := dist( 2 ;„, UAeA-D(A, \/^)) —^ 00 as n 00 . (14) 

Set fn = Tz^l. By Lemma l4^ we have 

mx-l 


'"-A p 

E E K/».TeOt<E / 

\ /^ A 7... A \ /^ A Jl 


e b" dm{w) 


< 


AeA fc=o 


GA6AT)(A,y^my) 


AgA 




dm{w) 


< 


ICDpn 


e bb(^ 77 i((C) 0, (15) 


and X cannot be sampling for which contradicts the hypothesis. 
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5.2. Sufficient condition. Let us start with a local estimate. 


Lemma 5.1. Given 0 < < 1 there exists a{r]) < oo such that if 

f G m > air})"^, and if 


then 


|(/,efc)|^ < 17/2, 

^<k<m 



< 1 , 



\f{z)\^ dii{z) < r]. 


Proof. Let 


/ — 'Y 

k>0 


By (HI]), {ck/\/ak{R^))k is an orthonormal system with respect to the 
scalar product fgdii, and it remains only to verify that 


Y W?^k{{Vm - a{r])f) < ( 17 / 2 ) Y lofcPo-fcM- 

k>m k>m 

This inequality follows from Lemma [4.11 (c). ■ 


Now we are ready to complete the sufficiency part of the proof of 
Theorem 11.11 Suppose that there exists a sequence {fn)n>i such that 
||/n ||2 = 1 and 

m.A-1 

\{fn,Txek)\‘^ ^ 0 as n-)■ cx). 

AeA k=0 

Passing to a weakly convergent subsequence denoted again by (/n)n>i 
we have two possibilities: either (A) /„ converge weakly to / 7 ^ 0 or 
(B) fn converge weakly to 0. 


(A): In this case A is a zero divisor for / E Since C we 
obtain, by Theorem 11.81 that C \ UAgA-D(A, y/mx) cannot be compact, 
thus contradicting the hypothesis. 


(B): In this case we define rj = {Sx + 1)”^- We set the constant 
C = C{Sx) from the formulation of the theorem to be equal to 0 ( 17 ) 
defined in Lemma [5.11 Denote Ai = {A G A : rux > 0 ( 17 )^}. Then take 
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B = B{r}) such that 

C\D{B)c (J D{X,y/^-a{r])) 

AeAi 

and obtain 


1= / dfx{z) 


< 


\fn{z)\^ dfl{z) + 


dfx{z). 


JD(B) JD{\yfm^-a{rf)) 

Denote by A 2 the set of A G Ai such that 

m\-l I. 

\fn{z)\^dfi{z). 


Y1 K/«.Tei)P<(T2) 

k=0 

By Lemma 15.11 we obtain that 

1 < 0(1) + J2[ 

J D\ 


^D(X,^/rn^) 


\fn{z)\^ dfi{z) 


A 6 A 2 


E / 


\fn{z)\'^ dfx{z) 


mx-1 


<o{l)+vYf \fn{z)\^ dfi{z) + {2/r]) Y l(/n,7^Aefc)P 

AeA 2 '^'^(^>v^) AeAi\A 2 k =0 


< o{l)+riY [ 

\PA dD{X, 


AeA' 
2 


■,V^) 


Ifniz)]"^ dfi{z) 


<o{l)+riSx / \fniz)\ dfi{z) = o{l)+r]Sx, n ^ 00 . 

Jc 

This contradiction completes the proof. 


6. Proof of Theorem 11.31 

6 .1. Sufficient condition. Suppose that the discs D{X, y/rn\ + Ca), 
A G A are pairwise disjoint for some Ca > 0. 

Let V = {v^x'’)x(zA,o<k<mx be a sequence with ||n ||2 < 00 and let 
(PA)AeA be a sequence of polynomials such that 

(Pa, Cfc) = uf \ A G A, 0 < A; < mx, 

and 

AeA 
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Set Qx = TxPx, rx = + Ca, Dx = and D'^ = 

D{X,rx), so that the discs {D\)x£a are pairwise disjoint. Consider hrst 
the interpolating function 

F{z) = Qx{z)r]{\z - A| - ta), 

AeA 

where rj is a smooth cut-off function on R with 

• supp 7] C (—cxo, 0], 

• ?7 = 1 on (— cxo, — Ca], 

• \v'\ ^ 1 - 

Note that supp F C Uaea^Da and 

[ \F{z)\‘^e-^^^^dm{z) <Y [ \Qx{z)\‘^e-^^^^ dm{z) < Y \\Q>^\\1 < 

Jc . Jd' . 


Furthermore, F interpolates {v^x'^)x,k on X, that is for every A G A, the 
function 

mx-l 

F-tl A’Uet 

k=0 

vanishes at A of order at least mx- 

We search for a holomorphic interpolating function of the form / = 
F — u. This leads to the 5-equation du = dF, which we solve using 
Hormander’s result [HI Theorem 4.2.1]: if i/) is a subharmonic function, 
then there exists u such that dF = du and 

( 16 ) 

We set 'ip{z) = Izl"^ + v{z), where 


\u 


"^dm < 4 / \dF\^e ^ 


dm 

At/j 


v(z) 


Y^x 

AeA 


log 


.g-Ap 

mx 


+ 1 - 


.g-Ap- 
mx - 


Xd^z). 


Since 

log(l — t) +1 < 0, 0 < t < 1, 

we have v{z) < 0. Next, supp dF C Ua6a(-Da \ Dx). Furthermore, for 
2 ) G D'^ \ Dx, A G A, we have v{z) = 0 and 


|S-FWI<I0aW|. 


( 17 ) 


A direct computation yields 


Av = —4 F 4nmxSx 


on Dx, where dx is the unit mass at A. Therefore, 


At/j = ATimxdx 
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on Dx. Next, 

A^p = 4 on C \ Dx. 

AeA 

By we obtain 


\u 


< / \u\‘^e '^dm < 4 / \dF\^e ^ 


dm 

A'ljj 


< 

r\j 



\Qx{z)\‘^e 1^1' dm{z) < ^ \\Qx\\%^^ 2 . 

A 


(18) 


Thus, f = F -u<^ 

Finally, since in a neighbourhood of A holds the estimate x 

^-v(z) X _ y|-2m.A g^nd u is analytic, the bound 


\u{z)\‘^e '^^^^dm{z) < oo 


Jc 

forces u to vanish at order mx at A, so that / interpolates the values 

(^A )agA, 0</i;<mA5 

(/, TxCk) = {Qx, TxCk) = v[^\ A e A, 0 < k < mx- 


6.2. Necessary condition. Let X = {(A,mx)}xeA be an interpolat¬ 
ing divisor and assume that the discs {-D(A, ^/mx — A)}xeA,mx>A2 are 
not separated for some u4 > 0 to be chosen later on. Then there exist 
A, A' G A and w E C such that 

D{w, 1) C D{X, - A -I-1) n iA(A', y/m^ - A 1). 

Since X is an interpolating divisor, there exists / G such that 

/ e 

f-T^le 

ll/lh < Mx- 

By Lemma 15.11 


-J D{\,.Jrn:^-A+l) 

and hence. 


\f{z)\^d^^{z)+ / \{f-T^l){z)\^d^^{z) 

J D{\' 

= o (1) * , A — y oo , 


' D{w,l) 


\f{z)\^df^{z)+ / \{f-T^l){z)\^df^{z) 


' D{wA) 




A —)■ OO. 
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On the other hand, 


f D{w^l) 


\{Ty,l){z)\^ d^{z) 


is a positive constant. This gives a contradiction when A > A{Mx)- 


7 . Proofs of Theorems 11.51 and 11.61 

Let us start with some technical lemmas. First of all, given m > 1, 
the function (p(t) = (pm(t) = t^/2 — mlogf decreases on (0, ^/m) and 
increases on {^/rn, +oo). 

Lemma 7.1. Given m>l, 

(a) for every a > 0, 

(p{\/rn + a) < (p{\/rri) + of, 

(b) for every a > 0, 

ip{y/m — a) > ip{y/m) + a^, m > a^. 


Proof. Since ^p'{y/m) = 0, < 2, t > ^/rn, and > 2, 0 < t < 

-^/m, we have 



Lemma 7.2. Given 5 > 0 there exist e,ri > 0 such that if f ^ 
ll/lloo < 1, and ll/ll^oc/jv-^ < e, then 

|/(^)| < (1 “ | 2 ;| < ^/m — 6. 

Proof. Let h be an entire function such that the function g : z ^ 
z'^h{z) belongs to 7F°° and 

\\f-z^h\\^<e. 

Then, using that ||/||oo < 1, we obtain 

\^'"h(z)\ < |/(z) - z'"h(z)\ + \f{z)\ < (1 +£)eW’'^ £ e C. 

Hence, 

|h( 2 ;)| < (1 + e) exp(/?(| 2 r|), z e C, 
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where, as above, ip = ifm- Set \z\ = y/m and use Lemma rO fb) to get 
\h{z)\ < (1 + + 

We will have 

\h{z)\ < {I — e — |z| = y/m, 

as soon as we choose e, 7] small enough so that 

(1 + e)e~^^ < 1 — — I?- 

By the maximum principle, the above estimate holds then for all \z\ < 
y/m. Using that ip{\z\) > ip{y/m — 5 ) for \z\ < y/rn — 6 we finally see 
that 

\h{^)\ < - v) exp(p(|^|), |z| < y/m - <5, 

and 

|/(^)| < \z"^h{z)\ + < (1 “ | 2 ;| < y/m — 6. 


Lemma 7.3. Given / > 0, there exist e,6 > 0 such that if f ^ T°° , 
ll/lloo < 1, in > 5^, and ||/||^oo/Aroc^ < e, then 

|/(' 2 )| < \z\ < y/m — 6. 

Proof. We argue as in the proof of Lemma 17.21 ■ 

Lemma 7.4. Let 5 > 0. Ifm > 1 and f is a function analytic in D{R) 
and continuous up to dD{R), R = y/m + S, satisfying /(O) = /'(O) = 
... = = 0 and |/(i?e**)| < t G [0,27r], then 

\f{z)\ \z\<R. 

Proof. Let f{z) = z'^g{z). The function g is holomorphic in D{R) and 
continuous up to dD{R). By the maximum principle, 

log| 5 '( 2 :)| < (p(i?), \z\<R. 

By Lemma 17.11 (a), and since y/m is the point of minimum for (p, we 
have 

log \g{z)\ < (p{^/m) + 6^ < ip{\z\) + <5^ | 2 ;| < R, 

and hence, 

|/(^)| \z\<R. 
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7.1. Proof of Theorem II.5L Sufficient condition. Suppose that 
there exists a sequence {fn)n such that ||/n|loo = 1, n G N and 

sup \\fn\\T°°/N‘^ ^0 as n —)> oo. 

AeA ^ 

Passing to a subsequence converging uniformly on compact subsets 
and denoted again by (/„) we have two possibilities: either (A) the se¬ 
quence (/n)n converges to / 7 ^ 0 or (B) the sequence (/„) converges to 0. 

(A) ; In this case X is a zero divisor for Then, by Theorem 11.81 

the set C\ y/mx) cannot be compact, thus contradicting the 

hypothesis. 

(B) : In this case we recall our assumption that for a compact set K 
we have 

n= IJ D(A, =c\x. 

AeA, mx>C^ 

Next, since {fn)n tends to 0, 

l/n(^)| < zeK,n>no. 

On the other hand, applying Lemma 17^ to T_xfn on D{y/m\), A G A, 
we obtain that 

\fniz)\ < (1 - z eXl,n>no, 

Hence, ||/n||oo < ^, n> riQ, and we arrive at a contradiction. 

7.2. Proof of Theorem 11.51 Necessary condition. The argument 
is completely analogous to that in the proof of the necessity part of 
Theorem |1.11 Once again, we choose {zn)n satisfying ca and set 

fn = 

mx-l 

9x,n = {fn, TxCkjTxek, A G A. 

k=0 


By dSD, 


and since 


^\\9x,n\\l^0, n^oo, 


AeA 


, < 0||/i||2 for h G we have 

max ||5'A,n||oo ^0, n -)■ 00 . 

AG A. 

Since gx^n — fn ^ A G A, we obtain that X cannot be sampling for 
and our proof is completed. 
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7.3. Proof of Theorem II.6L Here, we need an additional construc¬ 
tion. 

Lemma 7.5. Given q, a > 1, there exists a function yq^a £ ^^(*C\{0}), 
yq,a{z) = yq^ai\A) ^ ^ Vq^a^z) — 2q^ log \z\ is C^-smooth at 0, 


and 


^VqAz) > 
Proof. Consider 


VqAz) = \z\'^, \z\>q + a, 

4a 


(g -1- 2a - \z\y 

lit) = 


\z\ < q + a. 


and set 


b = 


{q + 2a- tY 

[ -fi\z\)dm{z) < , 

'Diq+a) q +2a 


Solve the Dirichlet problem 
Ag{z) = 47(|z|) 


4b 


7i{q a)2’ 
g{z) = 0, \z\=q + a. 


\z\ < q + a, 


Then g{z) = g{\z\), 


' D{q+a) 


Ag{z) dm{z) = 0, 


and by Green’s formula, Vg = 0 on dD{q + a). 
Next, set 


h{z) = q^ 


log 


Ti¬ 


g-Fa g -F a 

Then h = V/i = 0 on dD{q + a), and 

4g2 


1^1 < g + a- 


Ah = 


(g + a)' 


-F dvrg^^o 


on D{q + a). 
Finally, we set 

yq,aiz) = 


\z\‘^ + g{z) + h{z), |2|<g + a, 

\z\‘^, \z\ > q + a. 


(19) 


( 20 ) 
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It is clear that yq^a £ C^(C \ {0}) and z i-A- yq,a{z) — 2q‘^\og\z\ is 
C^-smooth at 0. It remains to verify flT^ . In fact, using fl2U]) and the 
fact that g, a > 1, we obtain 


1 

4 


^VqA^) >1 +7(kl) - 
>7(kl) = 


7r(g + a)2 


(g + 2a - |z|) 


2 ’ 


(g + a)2 

\z\ < q + a. 


Proof of Theorem M.d We start with the sufficiency part. Suppose that 
the discs D{X, ^m\ + 6), A G A, are pairwise disjoint. Denote A = 
(An)n>i- Let {pn)n>i be a sequence of data with sup„>;^ ||Pn|loo < L 
We want to hnd functions fjq such that 

fN-Pn&NZ, l<n<N, 

and 11 /at I loo ^ M, N > 1. A normal family argument will then complete 
the proof. 

Set a = 3, nin = mx^, = y/m:^ + a, = D(A„,r„), D'^ = 
D{Xn,f'n + a), D'f = D(Xn,rn + a + 1), 


Fn{z)= ^ Pn{z)fl{\z - Xn\- Tn), 

l<n<N 

with ?7 is a smooth cut-off function on M with 

• supp fj C (—cxo, a], 

• ?7 = 1 on (—oo, 0], 

• Ih'l ^ L 

Then 

supp dFjq cQn= IJ D'^\ Dn- 

l<n<N 

Next, using Lemma [7.51 we dehne 

\z\ T ^ ^ j^|/(j'(n),a(^ Xn) \z Aj^| , 

l<n<A 


where g(n) = y/nin (by construction, the function yq(n),a{.z — A„) — \z — 
A„p vanishes outside Dn)- Then 


( A'07v(^) — 4, 2; G C \ Ui<„<ArD„, 

< 4a 

I 2a - 1^; - An|)2’ 


2 ; G Dn, 1 < n < N. 
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Given ( eYn = C\ Ui<n<N define 


WN,dz) 


1 

z — (\^ + 2a^ 


zeC. 


Furthermore, we set 

= ^XQn- 

We have 

^ n l^~C|(k-Cp-2a) 
wnM (|z-CP + 2a)2 

An elementary calculation (consider separately the cases t < 8/3 and 
t > 8/3) shows that 


(t3 + 2a)2 


< 2 , 


t > 0. 


Next, 


t{f -2a) ^ _9 
(t3 + 2a)2 - t2’ 


t > 0. 


Therefore, 


/ • fo 

- Z—— < mm 2, 

Wn,c{z) V 

and we obtain that on the whole plane. 


4a ^ 


AwAf,C — — 4G7v)- (21) 

Indeed, for 2 ; G C\Ui<„<ArZl„ we have Ai/n > 2 and for 2 ; G Dn, 

1 < n < N, we have 

4a 4a 

k - CP “ (v^ + 2a - |z - An|)2 

because |C — A„| > ^/m^ + 2a + 1, \z — \n\ < y/run + 2a. 

Now, we use a remarkable result by Berndtsson [H Theorem 4] (see 
also 0): the solution ujy of the equation du^ = dF^ minimizing the 
integral 

f \uN{z)\'^e~^^^^'^ dm{z) 

Jc 


satishes the inequality 
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under condition (ET]), for every ( G Yn. Since supp dFjsf <Z Qn and 
= ^XQn we have 


\uN{z)\'^e dm{z) < 2 / \dFjsf{z)\‘^e ^^^^wisf^(^{z)dm{z). 

J Qn 


|2g-yjv(2) 

Hence, we obtain that 
[ dm{z) 




E 

l<n<N ■ 


D'„\Dr, 


IdF^iz^e 


2p-|2| = 


dm{z) 


\z — CP + 2a 


< C 


for an absolute constant C. Next, dF^ vanishes on -D(C, 1), and, hence, 
wtv is analytic in Zi)(C, 1). By the mean value property applied to the 
function n 7 v(^) exp(|Cp/2 — zQ, we have 

|n7v(C)pe"l^l" < Cl [ \uN{z)\‘^e~^^^^ dm{z). 

JDiC,!) 

Thus, 

|Mjv(C)pe"l^l' < Cl. 

To extend this estimate to C ^ Ui<n<A-^n) we just apply Lemma [73] 
to the functions un + Pn — F^ analytic in Zi)" and use that un and, 
hence, un + Pn — F^ vanish of order at A„, 1 < n < iV. 

It remains to set = Fjsf — un- Then 

|/a(^)| <Cel^l'/p ^ec, 
with C independent of iV > 1 and 

fN-Pn^N^„, l<n<N. 

Finally, for the necessity part, the argument is completely analogous 
to that in the proof of the necessity part of Theorem 11.31 Instead of 
Lemma [5.1! we use Lemma [7.31 ■ 


8. The case 2 <p < oo 

In this section, we formulate and sketch the proofs of the following 
two results. Let 2 < p < oo. 


Theorem 8.1. (a) If X is a sampling divisor for Ff, then X sat¬ 

isfies the finite overlap condition and there exists C > 0 such 
that 

lJll(A,y^;P7^ + C) = C. 

AeA 
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(b) Conversely, let the divisor X satisfy the finite overlap condition. 
There exists C = C{Sx) > 0 such that if for some compact 
subset K of C we have 

IJ D{X,^/^-C) = C\K, 

AeA, m\>aC'^ 

then X is a sampling divisor for 

Theorem 8.2. (a) If X is an interpolating divisor for then 

there exists C = C{Mx) > 0 such that the discs 
{D{X, ^/mx/a — C)}x^A,mx>aC^ pairwise disjoint. 

(b) Conversely, there exists Co > 0 such that if the discs 

{D(A, x/mx/a + Co)}AeA are pairwise disjoint, then X is an 
interpolating divisor for Xf. 

The proofs work essentially the same way as for p = 2 or p = oo. 
We start with two auxiliary results replacing Lemmas 17.31 or 15.11 and 
17.41 Again we restrict ourselves to o = 1. 

8.1. Two lemmas. 


Lemma 8.3. Given 0 < fi < 1, there exist 5 > 0 such that if f ^ X^, 
WfWp <1, m> (5^ and \\f\\xp/Nl^ < /5/2, then 



\f{z)\Pe-P\^\'/^dm{z) <fi. 


Proof. Let h be an entire function such ||/ —< 13/2. Then, using 
that II/lip < 1, we obtain 



z^h{z)fe-P\^\''/‘^dm{z) < 2. 


Hence, by the mean value theorem applied to the function 7 (r) = 
r \ h{re^^)f’dt, we get for some x/m — 1 < R < x/m 


\h{RC^)\Pdt < 2 ——, 

li 

where <p(s) = (pm{s) = s^/2—mlogs. Using the subharmonicity of |h/, 
and thus that the concentric means are increasing, we deduce that 




dm{z) 


x/m—5 


g-pRr) 



r*y/rn—5 


|h(re**)/ dtrdr < 2 


aPRR)-pRp) 


rdr 
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Using successively Lemma rO (a) and (b), we obtain that 


m-S 




rdr 


m-S 


< c{p) 


gP(v’(Um)-¥’h)) (Ij. 


< c{p) 


e-P^ ds. 


This can be made arbitrarily small for an appropriate choice of <5 = 
5(p,/3), which yields the result. ■ 

Lemma 8.4. There exists U > 0 such that ifm > 1 and f is a function 
analytic in DiR) and continuous up to ODiR), R = ^/m + 1, satisfying 
/(0) = /'(0) = ... = /(—1)(0) = 0, then 


'\z\<^Jrn 


\f{z)\Pe-P\^\"/^dm{z) < C 


' ^/m<\z\<R 


l/(^)re 


Pp-p\A‘^R 


dm{z). 


Proof. Set f{z) = z^g{z), where the function g is holomorphic in D{R) 
and continuous up to dD{R). Let 

[ \f{z)\Pe-P\^\'^^dm{z) = 1. 

J v^<|2:|<R 

Then, as in the proof of Lemma 18.31 for some ^/rn < i?i < i? we have 

g¥>(Ri) 


- 27 r 


\giR,R^))\Pdt< 


>0 




Arguing as in the proof of Lemma 18.31 we get 

p rVm 

/ \f{z)\Pe-P\^\"/^dm{z) < dr. 

J\z\<y/m J 0 

By Lemma 17.11 (a) we have + 1, and thus with 

Lemma 17.11 (b) we can control the right hand side by a uniform con¬ 
stant. ■ 


8.2. Proof of Theorem 18.11 

8.2.1. Necessary condition. Let us begin with the hnite overlap condi¬ 
tion. We will do this proof in two steps. First we establish a weaker 
overlap condition (with a smaller radius — C), and then use a 

geometric argument to switch to our hnite overlap condition. 

Fix ft = ^‘^dm{z), and let 5 be the corresponding para¬ 

meter from Lemma 1831 Suppose that there exists Zn such that 

Mx,5+li^n) ■= '^XD{X,^-S-l){Zn) > n. 

AeA 
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Let A be a point in A with jzn — A| < — 6 — 1. Set m = By 

translation we can assume that A = 0 and | 2 ;„| < y/m — <5 — 1. Observe 
that 



dmiz) 


> 


/ \T,J{z)\Pe-P\^\"/^dm{z) 

'D{z„,l) 

[ ^m(z) =/3. 

'hl<i 


By contraposition, from Lemma 18.31 we deduce that ||T^^l||jrp/ 7 vp ^ 
13/2 > 0. This being true for every D{\, y/m\ — 5 — 1) meeting Zn 
we get XIasa J'p/ap +cxo. This contradiction establishes the 

following weak overlap condition: 


sup V xd{x,^-5-i) (z) <oo. (22) 

ASA 


We have to pass to discs with radius y/mx. Suppose the hnite overlap 
condition is not true but we have fl22D . Let Wn be a sequence such that 

Mxfl{Wn) ■= XD(\,^/Wj:){Wn) > U. 

AeA 

Suppose that there are at least n/2 points A G A such that the discs 
D{X, y/m\) contain Wn and have radii less than 10(5 + 1). Then, since 
the quotient norms of T^,^! at A are minorated uniformly for those A, 
the sum of the p-th powers of these quotient norms tends to inhnity, 
which is impossible. 

It remains the case when there are at least n/2 points A G A such 
that the discs iA(A, y/m\) contain Wn and have radii at least 10(5 + 1). 
We can assume that at least n/40 of these points A are in an angle T 
with vertex at Wn and with opening vr/lO, say T = {^ : | arg(/' —< 
7r/20}. Set w/ = Wn + 2(5 + 1). Then A G T fl A, |A — t<;„| < y/fn\ 
and y/mx > 10(5 + 1) imply together that \X — w'^\ < y/mx — 5 — 1 (we 
use here that R > 10, \6\ < 7r/20 — 2| < R — 1). Thus, 

Mx, 5 +i(tc(i) > n/40 in contradiction to (12^ . 


To get the second necessary condition, we argue as in Subsection 17.21 
to get 

X] n^oo. 


AeA 


Then, since p > 2, 


ll5'A,n||p) ^ ll5'A,n|l2) 0) 

AeA AeA 


n —)■ oo. 
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8 . 2 . 2 . Sufficient condition. Suppose ||/||p = 1, ^ 0, 

n —)■ + 00 . Passing to a subsequence we can assume that converges 
weakly to /. If / 7 ^ 0 then A is a zero divisor in C and we get 
a contradiction. 

Otherwise /„ goes weakly to 0. In order to repeat the reasoning of 
Subsection 15.21 fwith appropriate change to the quotient norm), we use 
again Lemma 18.31 (which replaces here Lemma 15.Ih . 

8.3. Proof of Theorem 18.21 

8.3.1. Necessity. One can argue like in Subsection W?2 \ using the above 
Lemma 18.31 instead of Lemma 15.11 


8.3.2. Sufficiency. This uses the case p = +cxo. Starting from data 
(/a) e /ND C /N^) we construct the smooth interpolat¬ 

ing function F which is in the right weighted space. We then solve 
the cl-problem as for p = 00 and reach the inequality 


MCffie 




< 


< 


l<n<A^ 


\uN{z)\‘^e dm{z) 




IdFffizffie 


2^-N' 


dm{z) 


\z — CP + 2 a’ 


Since OFjy G and p > 2, we observe \dF]^{zffie~''^'''^ G 

U’/‘^{dm). Hence, the right hand side is a convolution of an func¬ 
tion with an ffi function, which, by Young’s inequality, is in LP/‘^{dm). 
Thus, the left hand side is an L^/^-function in C (uniformly controlled 
in N). 

It remains to extend the estimate obtained here to the union of some 
discs as at the end of the proof of Theorem 11.61 Instead of Lemma 17.41 
we use here Lemma [8.41 
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